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geometric structure about the critical set K of solutions u for the constant mean curvature equation in a
concentric (respectively an eccentric) spherical annulus domain of Rn(n ≥ 3), and deduce that K exists
(respectively does not exist) a rotationally symmetric critical closed surface S. In fact, in an eccentric
spherical annulus domain, K is made up of finitely many isolated critical points (p1, p2, · · · , pl) on an
axis and finitely many rotationally symmetric critical Jordan curves (C1, C2, · · · , Ck) with respect to an
axis.
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1 Introduction
In this paper we consider the following mathematical models with zero Dirichlet boundary condition{
Lu = f(u) in Ω,
u = 0 on ∂Ω,
(1.1)
where f is a real value function, Ω is a smooth, bounded, strictly convex and nonconvex domain in
Rn(n ≥ 2) respectively, and L is a mean curvature operator
Lu = div( ∇u√
1+|∇u|2 ) =
n∑
i,j=1
aij(∇u) ∂2u∂xi∂xj , n ≥ 2, (1.2)
where aij =
1√
1+|∇u|2 (δij −
uxiuxj
1+|∇u|2 ).
Equation (1.2) is a special case of the following A-Laplacian equation (see [15]){
div(A(|∇u|)∇u) = f(u) in Ω,
u = 0 on ∂Ω,
(1.3)
which satisfies A(h) + hA′(h) > 0, h > 0. For example, if A(h) ≡ 1, the A-Laplacian equation is the
well-known semilinear elliptic equation 4u = f(u). On the other hand, if A(h) = 1√
1+h2
, we obtain the
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well-known mean curvature equation. In this paper, we mainly consider the critical points of solutions
for mean curvature equation.
Critical set of solutions for elliptic problems is a subject of important research. The investigations
about critical points of solutions for elliptic equations have many results. However, the critical set K
has not been fully investigated, except for some few special domains, which still is an open problem for
general domains, especially for higher dimension spaces. Now let us review some known results. In 1971
Makar-Limanov [20] solved the Poisson equation with constant inhomogeneous term in a convex domain,
and proved that u has one unique critical point. In 1985 Kawohl [18] extended Makar-Limanov’s result
under some hypothesis on the second derivative of f. In 1998 Cabre´ and Chanillo [6] proved that the
Poisson equation −4u = f(u) in smooth, bounded and convex domains of Rn(n ≥ 2) has exactly one
nondegenerate critical point under the assumption of semi-stable solutions. Under the similar assumptions
about the domains, Arango [2] showed Poisson equation has exactly one nondegenerate critical point,
provided that f is a smooth and increasing function satisfying f(0) > 0. In 2008 Finn [13] proved
the uniqueness and nondegeneracy of critical points, under the same hypothesis of [6], and the weaker
assumptions that Ω is a strictly convex C2,α domain. Moreover, other authors have solved this problem
and some other related problems in convex domains (see [7, 8, 9, 12, 16, 23]). For instance, in 2017 Deng,
Liu and Tian [12] proved that the solution of constant mean curvature equation with Neumann or Robin
boundary condition has exactly one nondegenerate critical point in Rn(n ≥ 2). However, there exists a
few results about the geometric distribution of critical set K in nonconvex domains (see [1, 3, 11]).
For nonconvex domains, the critical set K of solutions for elliptic problems seems to be less considered.
In 1992 Alessandrini and Magnanini [1] studied the geometric structure of the critical set of solutions to
semilinear elliptic equations in a planar nonconvex domain, whose boundary is composed of finite simple
closed curves. They deduced that the critical set is made up of finitely many isolated critical points.
In 2012 Arango and Go´mez [3] considered the geometric distribution of critical points of the solutions
to a quasilinear elliptic equation with Dirichlet boundary condition in strictly convex and nonconvex
planar domains respectively. In 2017 Deng and Liu [11] investigate the geometric stucture of interior
critical points of solutions u to a quasilinear elliptic equation with nonhomogeneous Dirichlet boundary
conditions in a simply connected or multiply connected domain Ω in R2. They develop a new method
to prove Σki=1mi + 1 = N or the different result Σ
k
i=1mi = N, where m1, · · · ,mk are the respective
multiplicities of interior critical points x1, · · · , xk of u and N is the number of global maximum points of
u on ∂Ω.
However, so far, the result about the critical set of solutions for quasilinear elliptic problems in higher
dimension spaces is still an open problem. The goal of this paper is to obtain some results about the
critical set of solutions for mean curvature equation in smooth, bounded, strictly convex and nonconvex
domains of Rn(n ≥ 2) respectively. Moreover, the domains Ω are some domains of revolution formed
by taking a strictly convex and nonconvex planar domain about one axis respectively. Owing to the
domains are symmetric with respect to some axis, therefore, we consider that the solutions of mean
curvature equation should be symmetric about some axis, and the detail conclusion about symmetric
solution of mean curvature equation can been seen in [4, 19, 24, 25, 27].
Throughout this paper, we shall suppose that Ω is a smooth, bounded, strictly convex and nonconvex
domain respectively, and that f is a real analytic, nondecreasing function. As we know that the coefficients
aij of mean curvature operator L are analytic in Rn, and L is uniformly elliptic. Within this assumptions
and conditions, the existence of solutions cannot be taken for granted, but if there has a positive solution,
then it is unique and analytic (see [22, 26]). The key idea is that we turn quasilinear elliptic equation
associated to u into a linear elliptic equation associated to v = uθ. The results of this paper can be shown
as the following three main theorems:
Theorem 1. Let Ω be a smooth, bounded and strictly convex domain of rotational symmetry with respect
to an axis in Rn(n ≥ 3). Suppose that f is a real analytic, nondecreasing function in R and that u is a
positive solution of equation (1.1). Then u has one unique nondegenerate critical point in Ω.
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Theorem 2. Let Ω be a symmetric concentric spherical annulus domain with external boundary Sn−1E
and internal boundary Sn−1I in Rn(n ≥ 3), where the spherical surfaces Sn−1E and Sn−1I centered at the
origin. Let u be a solution of the constant mean curvature equation (1.1) for the case H = 0. Then the
critical set K of u exists exactly one closed surface S, and S is a spherical surface centered at the origin.
Theorem 3. Let Ω be a rotationally symmetric eccentric spherical annulus domain with respect to an
axis in Rn(n ≥ 3), which has external boundary Sn−1E and internal boundary Sn−1I . Let u be a solution
of the constant mean curvature equation (1.1) for the case H = 0. Then the critical set K of u does not
exist a rotationally symmetric closed surface S with respect to an axis. In fact, K is made up of finitely
many isolated critical points (p1, p2, · · · , pl) on an axis and finitely many rotationally symmetric critical
Jordan curves (C1, C2, · · · , Ck) with respect to an axis.
The rest of this paper is written as follows. In Section 2, we describe the nodal set Nθ and the
critical set Mθ of uθ, prove that Nθ cannot enclose any subdomain of Ω and Mθ = ∅, i.e., the solution
u of equation (1.1) is a Morse function. In Section 3, we give some descriptions about the geometric
distribution of critical points in planar domain Ω, where Ω is a strictly convex domain and annulus
domain respectively. In Section 4, our difficulty is to prove the rationality of projection. Firstly, we give
some known results about symmetric solution of mean curvature equation in strictly convex domain Ω
of Rn(n ≥ 3) and the detailed proof of Theorem 4.2. Furthermore, we study the geometric distribution
about the critical set K of solutions u for the constant mean curvature equation (1.1) for the case H = 0
in a concentric (respectively an eccentric) spherical annulus domain Ω of Rn(n ≥ 3), and deduce that
K exists (respectively does not exist) a rotationally symmetric critical closed surface S respectively. In
fact, in an eccentric spherical annulus domain Ω, K is made up of finitely many isolated critical points
(p1, p2, · · · , pl) on an axis and finitely many rotationally symmetric critical Jordan curves (C1, C2, · · · , Ck)
with respect to an axis.
2 The nodal set Nθ and critical set Mθ of uθ
In order to conveniently describe the critical set K = {x ∈ Ω|∇u(x) = 0}, we need introduce some
notations and auxiliary terms. Now, for any direction θ = (θ1, θ2, · · · , θn) ∈ Sn−1 and any function
u, we define the nodal set of directional derivative Nθ = {x ∈ Ω|uθ = ∇u(x) · θ = 0}. We know that
K = Nθ ∩Nα, if θ and α are two noncollinear directions of Sn−1, and we consider the following critical
set of directional derivative uθ
Mθ = {x ∈ Nθ|∇uθ(x) = D2u(x) · θ = 0} ⊂ Nθ, (2.1)
where D2u(x) denotes the Hessian matrix of u at x.
Near the regular points of uθ, Nθ can be locally parametrized as a solution of the following Hamiltonian
system associated to uθ
x˙(t) = B∇uθ(x), (2.2)
where B is the Poisson matrix.
In particular when n = 2, then
B =
(
0 1
−1 0
)
,
we assume x(t) = x(t; θ, p) be the solution of equation (2.2) satisfying x(0) = p. Since f is a real analytic
function, we know that u is also analytic in Ω, so the solution of equation (2.2) is analytic too.
Next, we will give a key idea for studying the critical set of solution u for mean curvature equation
(1.1). Assume u is a positive solution of equation (1.1), for any θ ∈ Sn−1, we turn quasilinear elliptic
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equation associated to u into a linear elliptic equation associated to v = uθ. Firstly, we differentiate the
equation (1.1), then take inner product with θ, hence we can get the following equation
Luv + h1(x)
∂v
∂x1
+ h2(x)
∂v
∂x2
+ · · ·+ hn(x) ∂v∂xn = f ′(u)v, (2.3)
where
Luv =
n∑
i,j=1
aij(∇u) ∂
2v
∂xi∂xj
, n ≥ 2
and
hk(x) =
n∑
i,j=1
uxixj
∂aij
∂uxk
, 1 ≤ k ≤ n.
The following we will give the crucial lemma of the proof of Theorem 3.1 for dimension n = 2.
Lemma 2.1. Let Ω be a strictly convex planar domain. Suppose that f is a real analytic, nondecreasing
function in R and that u is a positive solution of equation (1.1). Then for any θ ∈ S1, Nθ cannot enclose
any subdomain of Ω, i.e., Nθ without self-intersection.
Proof. By contradiction. Assume Nθ enclose some subdomain of Ω for some θ, let C ∈ Nθ be a Jordan
curve and ΩC be the intersection of the interior of C with Ω. Since f is an nondecreasing function and
v satisfies the zero boundary condition. By the maximum principle, the only solution of equation (2.3)
is v ≡ 0 in ΩC . On the other hand, if C is the only boundary of ΩC , and uθ is analytic, then we have
uθ = 0 in Ω, it means that u is a constant in the θ direction. Since u = 0 on ∂Ω, we get u = 0 in Ω,
which contradicts with the fact u > 0 in Ω. Therefore C cannot be the only boundary of ΩC , and ΩC is
not simply connected. It is contradictory with the convexity of domain Ω, hence Nθ cannot enclose any
subdomain of Ω.
Lemma 2.2. (see[10, Theorem 2.5]) If v is a nonzero solution of equation (2.3) for n = 2. Then the
critical points of v on its nodal set are isolated and the nodal set Nθ is a regular analytic curve at regular
points. Moreover, at any critical point, the nodal set is locally an equiangular system of at least four rays
splitting Ω into a finite number of connected subregions.
Remark 2.3. According to Lemma 2.1 and Lemma 2.2, we easily know that Mθ = ∅ and Nθ is
homeomorphic to the interval [0, 1], since Mθ = ∅, we get ∇uθ(x) = D2u(x) · θ 6= 0 for any θ, so
rank(D2u(x)) = 2. Furthermore, owing to K ⊂ Nθ for any θ, we deduce that the solution u of equation
(1.1) is a Morse function. The descriptions about the Morse and semi-Morse function have been already
studied(see [5]).
3 The critical set for planar domain
In this section, we investigate the geometric distribution of critical points in planar domain Ω, where
Ω is a smooth, bounded, strictly convex domain and nonconvex domain respectively.
Theorem 3.1. Let Ω be a smooth, bounded and strictly convex domain in R2, whose boundary has positive
curvature. Suppose that f is a real analytic, nondecreasing function in R and that u is a positive solution
of equation (1.1). Then u has one unique nondegenerate critical point in Ω.
Proof. We divide the proof into two steps.
Step 1, By Lemma 2.1 and Remark 2.3, since Mθ = ∅ for any θ ∈ S1, we deduce that the solution u
of equation (1.1) is a Morse function, so all critical points of u are nondegenerate.
Step 2, we will prove the uniqueness of critical points. Indeed, if x ∈ Ω\K, we note
∇u(x) = |∇u(x)|(cosλ(x), sinλ(x)), (3.1)
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which λ(x) ∈ R and cosλ(x) = ux1|∇u| , sinλ(x) =
ux2
|∇u| . This expression defines a smooth function λ locally in
x, for any x ∈ Ω\K, we have x ∈ Nθ if and only if θ ⊥ ∇u(x), since∇u·(cos(λ(x)±pi/2), sin(λ(x)±pi/2)) =
0, hence we deduce
x ∈ Nλ(x)±pi/2.
Next we need compute, locally, an expression for ∇λ. By formula (3.1), since sinλ(x) = ux2|∇u| , then we
have  λx1 cosλ(x) =
ux1x2u
2
x1
−ux1x1ux1ux2
|∇u|3 ,
λx2 cosλ(x) =
ux2x2u
2
x1
−ux1x2ux1ux2
|∇u|3 ,
in case that cosλ(x) 6= 0, we deduce
∇λ = 1|∇u|2 (ux1x2ux1 − ux1x1ux2 , ux2x2ux1 − ux1x2ux2)
= 1|∇u|2D
2u · (−ux2 , ux1).
Even though λ be defined only locally, the above expression allows us to define the vector field
X = 1|∇u|2D
2u · (−ux2 , ux1) in Ω\K, (3.2)
which accords with X(x) = ∇λ(x).
On one hand, we can know that X(x) 6= 0 for any x ∈ Ω\K. Indeed, since rank(D2u(x)) = 2, we get
X = 1|∇u|2D
2u · (−ux2 , ux1) 6= 0.
On the other hand, since rank(D2u(x)) = 2, at all points in some neighborhood of K, for some
constant C > 0, we obtain
|X| = 1|∇u| |D
2u · (− sinλ(x), cosλ(x)) ≥ C|∇u|
in a neighborhood of K. Since X(x) 6= 0 in x ∈ Ω\K, then we deduce
|X| ≥ C|∇u| in x ∈ Ω\K. (3.3)
By Hopf boundary lemma, we get 〈X, t〉 = |∇u|−1utt = κ, where 〈·, ·〉 denotes interior product, κ is
the curvature of ∂Ω and t is the positive oriented tangent vector to ∂Ω. Hence we have
〈X, t〉 > 0 on ∂Ω.
Next we revise X in a neighborhood of Ω to agree with t on ∂Ω. Further there exists a smooth vector
field Y on Ω\K such that
Y =
{
X in Ω\K,
t on ∂Ω,
(3.4)
so 〈Y,X〉 > 0 in Ω\K.
Then we define another vector field Z associated to Y, which is smooth in x ∈ Ω\K, and tangent to
∂Ω.
Z =
{
Y
〈Y,X〉 in Ω\K,
0 in K,
(3.5)
we claim that field vector Z can be extended to be Lipschitz in Ω, that is
|Z(x2)− Z(x1)| ≤ C|x2 − x1| ∀ x1, x2 ∈ Ω (3.6)
for some constant C > 0.
Indeed, since Z = X|X|2 in Ω\K, by (3.3) we have
|Z| ≤ C|∇u| in Ω (3.7)
5
for another positive constant C > 0, hence Z is continuous in Ω.
Firstly, if either x1 or x2 belong to K, without loss of generality, let x1 ∈ K, then
|Z(x2)− Z(x1)| ≤ |Z(x2)|+ |Z(x1)| = |Z(x2)|
≤ C|∇u(x2)| = C|∇u(x2)−∇u(x1)|
≤ C|x2 − x1|.
(3.8)
Secondly, if a segment l joining x1 and x2 intersects with K, note that l ⊂ Ω, since we select Ω to be
convex. According to (3.8), for any p ∈ K, we have
|Z(x2)− Z(x1)| ≤ |Z(x2)− Z(p)|+ |Z(x1)− Z(p)|
= |Z(x2)|+ |Z(x1)|
≤ C|x2 − x1|.
Finally, suppose that this segment l is included in Ω\K. Hence we can differentiate Z along l, where D
denotes the full differential, by (3.3), we have
|DZ| = |D( X|X|2 )| ≤ C
|DX|
|X|2 ≤ C|∇u|
2|DX| in Ω\K.
Note that differentiating X = 1|∇u|2D
2u · (−ux2 , ux1) in Ω\K, we get |DX| ≤ C|∇u|−2. So we deduce
that |DZ| ≤ C along l, and complete the proof of (3.6).
Since each Lipschitz vector field locally can generate a one-parameter transformation group(i.e., flow).
Now, we assume that there is an open convex neighborhood E of K, provides K ⊂ E ⊂ E ⊂ Ω. Next,
we will consider the one-parameter transformation group ϕt at time t associated to the Lipschitz vector
field Z, which satisfies {
ϕ0(p) = p ∀ p ∈ E,
ϕs ◦ ϕt = ϕs+t ∀ s, t ∈ R,
(3.9)
and
Z(p) = dϕt(p)dt |t=0 ∀ p ∈ E. (3.10)
Since Z is parallel to ∂Ω, hence we know that ϕt is a continuous flow that keep Ω invariant. Moreover,
the flow ϕt keep any critical point of u fixed. Then, we can easily to deduce that
ϕt(Nθ) ⊂ Nθ+t
for any nodal set Nθ(i.e., path associated with the flow ϕt) and any time t. Indeed, by reversing time, we
know that ϕt is an homeomorphism from Nθ onto Nθ+t, i.e., ϕt(Nθ) = Nθ+t. Then we choose the time
t = pi, we get
ϕpi(N0) = N0+pi = N0, (3.11)
where ϕpi is a homeomorphism of N0 that interchanges the two end-points of N0. According to Remark
2.3, since N0 is homeomorphic to the interval [0, 1], so ϕpi keep that N0 has one unique fixed point.
Moreover, because the flow ϕpi keep any critical point of u fixed, thus the solution u of equation (1.1) has
exactly one critical point.
Remark 3.2. The convexity of all the nodal set of any solution u in Theorem 3.1 is an open problem,
even for semilinear case in dimension 2. Note that the strict convexity of nodal set is a stronger property
than the uniqueness of critical points of the solution u. The related research results can be found in [17].
Next we study the geometric structure about critical set K of solutions u for the constant mean
curvature equation in planar nonconvex domain Ω, where Ω is a concentric and an eccentric circle annulus
domain respectively.
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Lemma 3.3. Let Ω be a symmetric planar concentric circle annulus domain with internal boundary γI
and external boundary γE, where the circles γI and γE centered at the origin. Let u be a solution of the
constant mean curvature equation (1.1). Then u has exactly one critical Jordan curve C in Ω, and C is
a circle centered at the origin.
Proof. Due to the results of Theorem 11 in [3], we know that the critical set K of solution u is either
finitely many isolated critical points, or is made up of exactly one critical Jordan curve, that is, the
critical points and critical Jordan curve can’t exist at the same time. And according to the results of
[4], the constant mean curvature equation (1.1) has a unique radial symmetric solution u in concentric
circle annulus domain Ω, so we deduce that the critical set K of solution u reduces to exactly one critical
Jordan curve C, and C is a circle centered at the origin.
Remark 3.4. For the case of dimension n = 2, if the domain Ω is a symmetric planar eccentric annulus
with respect to one axis, with internal boundary γI and external boundary γE, moreover, γI and γE are
circles, then the constant mean curvature equation (1.1) exists only a finite number of critical points, the
result from [3]. At the same time, if critical set K exists a Jordan curve C in an annulus domain Ω, then
the geometry structure of Nθ as follows:
(1) For any θ ∈ S1, Nθ contains the curve C.
(2) There exists exactly two corresponding branching points of Nθ in critical Jordan curve C, denotes
by points p and p∗, and θ is tangent to C at this two points.
(3) The nodal set Nθ exists exactly four branches departing from p (respectively p
∗), where two branches
of them are included in C, and the other two branches end respectively at the internal boundary γI and
external boundary γE .
(4) The points on external boundary γE (respectively γI), the branches starting at q and q
∗ end, are
corresponding points, and θ is tangent to ∂Ω at this two points.
(5) Nθ contains no any other points except for the above (1) ∼ (4).
For a given θ ∈ S1, next we will give the geometric structure of Nθ.
Figure 1 The geometric distribution of Nθ.
4 The critical set for higher dimension spaces
This section is aimed to deduce that the geometric structure of critical set K for mean curvature
equation (1.1) in higher dimension spaces. Next we will give some results about radial symmetric solution
of mean curvature equation (1.1) in strictly convex domains, as follows:
Lemma 4.1. (see[22, Theorem 8.2.2]) Let Ω be an open ball in Rn, n ≥ 3. Assume u ∈ C1(Ω) is a
distribution solution of the problem (1.1), while the function f(u) is locally Lipschitz continuous in R+0 .
Then every solution u ∈ C1(Ω) is radially symmetric and satisfies ur < 0.
According to the above results about symmetric solution of problem (1.1), next we investigate the
geometric distribution of critical set for higher dimension spaces. Our difficulty is to prove the rationality
of projection of higher dimensional space onto two dimension plane.
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Theorem 4.2. Let Ω be a smooth, bounded and strictly convex domain of rotational symmetry with
respect to an axis in Rn(n ≥ 3). Suppose that f is a real analytic, nondecreasing function in R and that
u is a positive solution of equation (1.1). Then u has one unique nondegenerate critical point in Ω.
Proof. Without loss generality, let Ω be a domain of revolution formed by taking a strictly convex planar
domain in the x1, xn plane with respect to the xn axis. In the sequel, x = (x
′, xn), x′ = (x1, · · · , xn−1)
and r =
√
x21 + · · ·+ x2n−1.
Due to the results of Pucci and Serrin [22, 25], we deduce that the solution u satisfies
u(x′, xn) = u(|x′|, xn) , v(r, xn) (4.1)
and
∂v
∂r (r, xn) < 0 for r 6= 0. (4.2)
From (4.2), we can know that the critical points of u lie on xn axis. Next, according to (4.1) we have
that
uxn(x
′, xn) = vxn(r, xn). (4.3)
Moreover, we can deduce that uxn satisfies the following equation
(Lu)xn =
n∑
i,j=1
aij(∇u) ∂
2uxn
∂xi∂xj
+
n∑
i,j=1
∂aij(∇u)
∂xn
∂2u
∂xi∂xj
= f ′(u)uxn , n ≥ 2,
That is
Luxn =
n∑
i,j=1
aij(∇u) ∂
2uxn
∂xi∂xj
+
n∑
i,j=1
∂2u
∂xi∂xj
∂aij(∇u)
∂xn
− f ′(u)uxn = 0, (4.4)
where aij =
1√
1+|∇u|2 (δij −
uxiuxj
1+|∇u|2 ) and
∂aij(∇u)
∂xn
as the first derivative of uxn .
By (1.1), the strict convexity of Ω and the Hopf boundary point lemma, we can know that uxn vanishes
precisely on the n− 2 dimensional sphere given by
S = {xn = a} ∩ ∂Ω,
for some a ∈ R. For convenience, we define the nodal set
N = {x ∈ Ω|uxn(x) = 0}.
It is clear that all critical points of solution u are contained in N. Also from (4.3), N is rotationally
invariant about the xn axis.
So we turn the mean curvature equation (1.1) for dimension n
Lu = div( ∇u√
1+|∇u|2 ) = f(u) (4.5)
into the following similar mean curvature equation for dimension 2
Lv = div(
∇v√
1 + |∇v|2 ) +
1√
1 + |∇v|2
n− 2
r
vr = f(v),
that is
Lv =
2∑
i,j=1
aij(∇v)vij + 1√
1+|∇v|2
n−2
r vr = f(v), (4.6)
where ∇v = (∂v∂r , ∂v∂xn ), aij = 1√1+|∇v|2 (δij −
vivj
1+|∇v|2 ) and v1 =
∂v
∂r , v2 =
∂v
∂xn
.
Next, the proof is essentially same as the proof of Theorem 2 in [6]. Their work is based on the results of
Gidas, Ni and Nirenberg [14], the ideas of Payne [21] and Sperb [28]. To prove that, on one hand, whenever
critical set has exactly one point, since all critical points of u are contained in N∩{x2 = · · · = xn−1 = 0}
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and lie on the xn axis. The nodal set N = {x ∈ Ω|uxn(x) = 0} is rotationally invariant about the xn
axis, formed by a set N2 contained in the x1, xn 2-dimensional plane rotation about the xn axis, by (4.6),
where N2 can be seen as the projection of N in the x1, xn 2-dimensional plane and N cannot enclose any
subdomain of Ω (By Lemma 2.1, N2 cannot enclose any planar subdomain of Ω∩{x2 = · · · = xn−1 = 0},
where N2 looks like the nodal set of some homogeneous polynomial in x1, xn.). Because N2 is symmetric
with respect to the xn axis and intersects the xn axis at exactly one point, hence we prove the uniqueness
of critical points.
On the other hand, how to show that critical point p is nondegenerate, we restatement that u is
rotationally symmetric with respect to xn axis and critical point p lies on this axis. From (4.1) and
(4.2), we have that {uxk = 0} = {xk = 0} ∩ Ω for all 1 ≤ k ≤ n − 1. Hence uxixj (p) = 0 for any
index 1 ≤ i < j ≤ n, that is, D2u(p) is diagonal. By (4.2), we can know that uxk < 0 in domain
Dk = {xk > 0} ∩ Ω for 1 ≤ k ≤ n− 1. What’s more, in domain Dk, uxk satisfies
Luxk =
n∑
i,j=1
aij(∇u) ∂
2uxk
∂xi∂xj
+
n∑
i,j=1
∂2u
∂xi∂xj
∂aij(∇u)
∂xk
− f ′(u)uxk = 0, (4.7)
where
∂aij(∇u)
∂xk
as the first derivative of uxk . According to the Hopf boundary point lemma, we deduce
that uxkxk(p) < 0 for all 1 ≤ k ≤ n− 1, where critical point p ∈ ∂Dk.
Finally, we recall that the function uxn satisfies (4.4). By the definition of N, uxn < 0 to one side of
N. Then applying the Hopf boundary point lemma to uxn at p ∈ N, we have that uxnxn(p) < 0. So we
prove that the Hessian matrix D2u(x) of u is diagonal and negative definite at critical point p, hence p
is a unique nondegenerate critical point.
Next we will study the geometric structure about critical set K of solutions u for the constant mean
curvature equation (i.e.f(u) = H,H = constant) in a symmetric concentric spherical annulus domain
with external boundary Sn−1E and internal boundary S
n−1
I of Rn(n ≥ 3), where the spherical surfaces
Sn−1E and S
n−1
I centered at the origin. It is known that for H small enough, there exists a unique
symmetric solution u for the constant mean curvature equation (1.1), where u satisfies that ∂u∂r > 0 for
the case H = 0 (see [4]).
Theorem 4.3. Let Ω be a symmetric concentric spherical annulus domain with external boundary Sn−1E
and internal boundary Sn−1I in Rn(n ≥ 3), where the spherical surfaces Sn−1E and Sn−1I centered at the
origin. Let u be a solution of the constant mean curvature equation (1.1) for the case H = 0. Then the
critical set K of u exists exactly one closed surface S, and S is a spherical surface centered at the origin.
Proof. Without loss of generality, we assume that the domain Ω is a domain of revolution formed by
taking a symmetric planar concentric circle annulus domain Ω′ in the x1, xn plane about xn axis, where
the domain Ω′ centered at the origin.
By the results of Bergner [4], so we deduce that the solution u satisfies
u(x′, xn) = u(|x′|, xn) , v(xn, r) (4.8)
and
∂v
∂r (xn, r) > 0, (4.9)
where x′ = (x1, · · · , xn−1) and r =
√
x21 + · · ·+ x2n−1.
So we turn the constant mean curvature equation (1.1) for dimension n
Lu = div( ∇u√
1+|∇u|2 ) = 0 (4.10)
into the following similar mean curvature equation for dimension 2
Lv = div(
∇v√
1 + |∇v|2 ) +
1√
1 + |∇v|2
n− 2
r
vr = 0,
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that is
Lv =
2∑
i,j=1
aij(∇v)vij + 1√
1+|∇v|2
n−2
r vr = 0, (4.11)
where ∇v = ( ∂v∂xn , ∂v∂r ), aij = 1√1+|∇v|2 (δij −
vivj
1+|∇v|2 ) and v1 =
∂v
∂xn
, v2 =
∂v
∂r .
For any θ = (θ1, θ2) = (cosα, sinα) ∈ S1, where α ∈ [0, pi). We turn quasilinear elliptic equation
associated to v into a linear elliptic equation associated to w = vθ = ∇v · θ. Firstly, we differentiate the
equation (4.11), then take inner product with θ. In order to conveniently, we denote y = (y1, y2) = (xn, r),
hence we can get the following equation
Lvw + h1(y)
∂w
∂y1
+ h2(y)
∂w
∂y2
+ 1
(1+|∇v|2) 32
n−2
r [(1 + v
2
y1)
∂w
∂y2
− vy1vy2 ∂w∂y1 ] = 1√1+|∇v|2
n−2
r2 vrθ2, (4.12)
where
Lvw =
2∑
i,j=1
aij(∇v) ∂
2w
∂yi∂yj
and
hk(y) =
2∑
i,j=1
vyiyj
∂aij
∂vyk
, 1 ≤ k ≤ 2.
By (4.9) and (4.12), we deduce that
Lw = Lvw + h1(y)
∂w
∂y1
+ h2(y)
∂w
∂y2
+ 1
(1+|∇v|2) 32
n−2
r [(1 + v
2
y1)
∂w
∂y2
− vy1vy2 ∂w∂y1 ] ≥ 0. (4.13)
By (4.13), so we can consider the result that graphic projected onto x1, xn plane. Due to Lemma 3.3, we
have known that the constant mean curvature equation (1.1) exists only one unique critical Jordan curve
C in symmetric planar concentric circle annulus domain. In turn, we rotate the geometry distribution
of critical Jordan curve C in symmetric planar concentric circle annulus domain with respect to xn axis.
Therefore we get the geometry distribution of critical set K in a symmetric concentric spherical annulus
domain Ω as shown in the following Figure 2.
Figure 2 The geometric distribution of critical set K in a symmetric concentric spherical annulus domain.
Figure 2 shows that the critical set K of u exists exactly one closed surface S, and S is a spherical
surface centered at the origin.
The rest of this section is aimed to prove that, in the case of the constant mean curvature equation
in a rotationally symmetric eccentric spherical annulus domain Ω with respect to an axis, the critical set
K does not exist a critical closed surface S, where S is rotationally symmetric with respect to an axis.
Theorem 4.4. Let Ω be a rotationally symmetric eccentric spherical annulus domain with respect to an
axis in Rn(n ≥ 3), which has external boundary Sn−1E and internal boundary Sn−1I . Let u be a solution
of the constant mean curvature equation (1.1) for the case H = 0. Then the critical set K of u does not
exist a closed surface S, where S is rotationally symmetric with respect to an axis.
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Proof. The proof is based on the idea of Theorem 4.3, and we prove the theorem for two cases. Without
loss of generality, we assume that the center of spherical surfaces Sn−1E and S
n−1
I both on xn axis, so we
deduce that the solution u satisfies
u(x′, xn) = u(|x′|, xn)
where x′ = (x1, · · · , xn−1).
Case 1, if the critical set K enclose a subdomain of Ω, denotes by closed surface S, where S is
rotationally symmetric with respect to xn axis. According to the assumptions, we can know that critical
set K is the closed surface S and the center of S on xn axis. Because the domain Ω and the solution u
are rotationally symmetric with respect to xn axis, in the same way, so we can consider the result that
graphic projected onto a two-dimensional plane which pass through xn axis, without loss of generality,
denotes by x1, xn plane. Therefore we get the geometry distribution of critical Jordan curve C in planar
nonconvex domain as shown in the following Figure 3.
Figure 3 The geometric distribution of critical set K for case 1.
Because the interior of critical Jordan curve C is simply connected, it is contradictory with Lemma
2.1, so the critical set K cannot enclose a subdomain of Ω.
Case 2, if the critical set K enclose the internal boundary Sn−1I , denotes by closed surface S, where S
is rotationally symmetric with respect to xn axis. we can consider the result that graphic projected onto
x1, xn plane, hence we can get the following geometry distribution of critical Jordan curve C in planar
nonconvex domain.
Figure 4 The geometric distribution of critical set K for case 2.
Due to Remark 3.4, we have known that constant mean curvature equation (1.1) exists only a finite
number of isolated critical points in a symmetric planar eccentric circle annulus domain Ω with respect
to one axis. Figure 4 shows that it is contradictory with Remark 3.4, Therefore K cannot enclose the
internal boundary Sn−1I .
As an incidental consequence of Theorem 4.4 we can fully describe the geometric distribution of critical
set K to the constant mean curvature equation (1.1) in a rotationally symmetric eccentric spherical
annulus domain Ω with respect to an axis in Rn(n ≥ 3), as stated in the following corollary.
Corollary 4.5. We have known that the constant mean curvature equation (1.1) exists only a finite
number of isolated critical points in a planar eccentric circle annulus domain Ω, where Ω is symmetric
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with respect to one axis. Hence we can deduce that the geometric distribution of critical set K of the
constant mean curvature equation (1.1) for the case H = 0 in a rotationally symmetric eccentric spherical
annulus domain Ω with respect to an axis in Rn(n ≥ 3), without loss of generality, denotes by xn axis.
Then critical set K is made up of finitely many isolated critical points (p1, p2, · · · , pl) on xn axis and
finitely many rotationally symmetric critical Jordan curves (C1, C2, · · · , Ck) with respect to xn axis, and
the geometric distribution of critical set K as shown in the following Figure 5.
Figure 5 The geometric distribution of critical set K in an eccentric spherical annulus.
Remark 4.6. If the general quasilinear elliptic equation Lu =
n∑
i,j=1
aij(∇u) ∂2u∂xi∂xj = f(u) satisfies the
above corresponding assumptions, conditions and exists the corresponding symmetric solution as in Theo-
rem 4.2, Theorem 4.3 and Theorem 4.4, then the general quasilinear elliptic equation has the same results
about the geometric distribution of critical set K as in Theorem 4.2, Theorem 4.3 and Theorem 4.4.
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